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Discontinuous Non-Linear Mappings on Locally 

Convex Direct Limits 

Helge Glockner 

Abstract 

We show that the self-map /: ^ f{'y) := 7 o 7 — 7 ( 0 ) of the space 

of real-valued test functions on the line is discontinuous, although its restriction to 
the space C^(M) of functions supported in K is smooth (and hence continuous), for 
each compact subset ACM. More generally, we construct mappings with analogous 
pathological properties on spaces of compactly supported smooth sections in vector 
bundles over non-compact bases. The results are useful in infinite-dimensional Lie 
theory, where they can be used to analyze the precise direct limit properties of test 
function groups and groups of compactly supported diffeomorphisms. 

Subject classification: 46F05, 46T20; 46A13, 46M40, 22E65 

Introduction 

Let i?! C A 2 C ■ ■ ■ be an ascending seqnence of locally convex spaces which does not 
become stationary, and snch that En+i indnces the given topology on En, for each n. It is 
a well-known phenomenon that the topology on E := making E the direct limit 

of the spaces En in the category of locally convex spaces (and continnons linear maps) can 
be properly coarser than the topology making E the direct limit of its snbspaces En in the 
category of topological spaces. For example, this phenomenon occnrs whenever each En 
is an inhnite-dimensional Frechet space (cf. [13, Prop. 4.26 (ii)]). In particniar, the locally 
convex direct limit topology on the space (^“(M) = hmG“^^j(R) of test fnnctions is prop¬ 
erly coarser than the topology of direct limit topological space (cf. also [3, p. 506]). 

So, for abstract reasons, discontinnons mappings on the space of test fnnctions G^(M) 
are known to exist whose restriction to C'[^^^](M) is continnons for each n G N. In this 
article, we describe snch a mapping explicitly, whose restriction to Gj“^^j(R) is not only 
continnons bnt actnally smooth (Proposition 2.2). More generally, for every a-compact, 
non-compact, hnite-dimensional smooth manifold M of positive dimension and locally con¬ 
vex space E 7 ^ {0}, we construct a discontinuous map /: C^{M,E) —> (^^(M,R) whose 
restriction to C^{M, E) is smooth, for each compact subset K of M. An analogous result 
is obtained for the space C^{M,E) of compactly supported smooth sections in a bundle 
of locally convex spaces E ^ M over M, with non-trivial hbre (Theorem 3.2). 

Further developments. The preceding result is useful for the investigation of direct limit 
properties of inhnite-dimensional Lie groups. As shown in [ 11 ], it entails that there are dis¬ 
continuous (and hence non-smooth) mappings on the Lie group Diffc(M) = IJ^Diffx(M) 
of compactly supported smooth diffeomorphisms of M (as in [14] or [10]), whose restric¬ 
tion to Diffi^(M) := {0 G Diff(M) : 0 |m\x = idMVA'} is smooth, for each compact subset 
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K C M. A similar pathology occurs for the Lie group C^{M, G) = IJ^ G) of com¬ 

pactly supported smooth maps with values in a non-discrete hnite-dimensional Lie group 
(as in [5]). In this way, we obtain one half of the following table, which describes whether 
Diffc(M) = limDiffx(M) and G^{M,G) = hmC^(M, G) holds in the categories shown: 


category \ group 

ct{m,g) 

Dihe(M) 

Lie groups 

yes 

yes 

topological groups 

yes 

yes 

smooth manifolds 

no 

no 

topological spaces 

no 

no 


For the proof, see [11] (cf. also [18] for related results). 

The present constructions of pathological mappings are complemented by investigations 
in [8]-[10] (cf. also [7]). In these articles, a mild additional property is introduced which 
ensures that a map / : C^{M,E) G^{N,F) between spaces of test functions (or 

compactly supported sections) satisfying this property (an “almost local” map) is indeed 
smooth if and only if it is smooth on G^(M, E) for each K. In contrast to these mappings, 
the pathological examples presented here are extremely non-local. 

In the hnal section, we describe examples of discontinuous bilinear mappings which are 
continuous (and hence analytic) on each step of a directed sequence of subspaces. 

1 Preliminaries 

In this article, we are working in the setting of inhnite-dimensional differential calculus 
known as Keller’s G“-theory, based on smooth maps in the sense of Michal-Bastiani (see 
[4], [12], [14], [16] for further information). 

Definition 1.1 Let E, E be locally convex spaces and f:U F he a. mapping, dehned 
on an open subset U of E. We say that / is of class G° if / is continuous. If / is a 
continuous map such that the two-sided directional derivatives 

df{x, u) = lim f {f{x + tv) - f{x)) 

exist for all {x, v) E U x E, and the map df: U x E ^ F so dehned is continuous, then 
/ is said to be of class Gh Recursively, given k E N we call / a mapping of class 
if it is of class G^ and df is of class G^ on the open subset U x E of E x E. We set 
_ d{d^f) = dl^{df) : U x F in this case. The function / is called smooth 

(or of class G“) if it is of class G^ for each k E Nq. 

Definition 1.2 Let M be a hnite-dimensional, a-compact smooth manifold and G be a 
locally convex topological vector space. We equip the vector space G°°(M, E) of G-valued 
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smooth mappings 7 on M with the topology of uniform convergence of (7 o on 
compact subsets of V, for each chart k: M ^ U V CM'^ofM and multi-index a G Nq 
( where d := dim(M)). Given a compact subset K C M, we equip the vector subspace 
C^{M,E) := {7 e C°°{M,E) : 'y\M\K = 0} of C°°{M,E) with the induced topology. 
We give C^{M,E) := [Jj^ C^{M, E) = E) the locally convex direct limit 

topology. We abbreviate C^{M) := G“(M,M), C°°{M) := M), and C^{M) := 

G^(M, M). Further details can be found, e.g., in [5]. 


2 Example of a discontinuous mapping on C'^(IR) 

We show that the map /: G“(M) — 7 1— >• 7 o 7 — 7 ( 0 ) is discontinuous, although 
its restriction to (R) is smooth, for each n G N. 

The following fact is essential for our constructions. It follows from [13, Cor. 3.13] and is 
also a special case of [ 8 , Prop. 11.3]. For the convenience of the reader, we offer a direct, 
elementary proof as an appendix. 

Lemma 2.1 The composition map 

F : C'“(R’", R™) X R”) ^ C^{M, R’”), F(7,7) := 7 o 77 

is smooth, for each finite-dimensional, a-compact smooth manifold M and m,n E Nq. □ 

For the following proof, recall that the sets 

V(A:,e) := {7 G ^“(R): (Vn G Z) (Vj G {0,...,/Cn}) (Vx G [n - |]) 17^^^^;)I < 

form a basis of open zero-neighbourhoods for the topology on G“(R), where k = (A:„) G 
(No)^ and e = (e^) G (R’*')^ (cf. [17, §11.1]; see [5, Prop.4.8]). 

Proposition 2.2 /: G“(R) — C'“(R), 7 1— > 7 o 7 — 7 ( 0 ) has the following properties: 

(a) The restriction of f to a map G“^^j(R) —G“(R) is smooth {and hence continuous), 
for each n G N. 

(b) / is discontinuous af 7 = 0 . 

Proof, (a) Fix n G N; we have to show that f\c°° (r) : CT ,(R) —C'“(R) is smooth. 

The image of this map being contained in the closed vector subspace G“^^j(R) of G“(R), 
which also is a closed vector subspace of G°°(R) (with the same induced topology), it 
suffices to show that the map G“^^j(R) — G°°(R), 7 1— > 7 o 7 — 7 ( 0 ) is smooth (see [9, 
Prop. 1.9] or [1, La. 10.1]). Now 7 h->• 7 ( 0 ) being a continuous linear (and thus smooth) 
map, it suffices to show that G“^^j(R) — G“(R), 7 1 —> 7 o 7 is smooth. This readily 
follows from Lemma 2.1. 

(b) Consider the zero-neighbourhood V := V{{\n\)n<=z, {^)neif> in Let k = 

{kn) G (No)^ and e = (£„) G (R+)^ be arbitrary. We show that f{V{k,e)) ^ V. Since 
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/(O) = 0, this entails that / is discontinuous at 7 = 0. It is easy to construct a function 
h E ^“(M) such that supp(/i) C ] —and h{x) = for all x E [—1,|]- Then 

rh E V{k, e) for some r > 0. For m E N, we dehne hm G via 

r 

hra{x) := —r-h(mx). 
m 0 

Then supp(/im) ^ and thus hm G V{k, e) since, for all j = 0,..., kf) and x E 

i], we have \hm{x)\ = ^^^\h'^^\mx)\ < Eq. We now choose n G N such that n > ko + 2. 
It is easy to construct a function tf) E (^“(R) such that = x — n for x in some 

neighbourhood of n in R, and supp('i/') C ]n — ^,n + |[. Then cf) := s ■ 'ifj E V{k,e) 
for suitable s > 0. Choosing s small enough, we may assume that im((/)) C [—1,1], 
The supports of 0 and hm being disjoint, we easily deduce from 0, hm G V{k, e) that 
also '^m '■= (p + hm & V{k,e). Then 7 ^( 0 ) = 0, and since im(0) C [—1,1], we have 
= {hm o 4>){x) for all a; G VF := ]n — |,n + |[. For x E W sufficiently close to n, 
we have 0(a;) = s ■ {x — n) E and thus f{'ym){x) = r ■ m ■ 5 ^°+^ ■ {x — 

whence f {'^m)^^°^^\n) = r ■ m ■ ■ {ko + 1)!. Thus /( 7 m) ^ V for all m G N such that 

r ■ m- ■ (/cq + 1)! > 1, and so f{V{k, e)) ^V. As k and e were arbitrary, (b) follows. □ 

Note that supp(/( 7 )) C supp( 7 ) here, for all 7 G C“(R). 

Remark 2.3 Although the map / from Proposition 2.2 is discontinuous and thus not 
smooth in the Michal-Bastiani sense, it is easily seen to be smooth in the sense of convenient 
differential calculus (as any map / on a “regular” countable strict direct limit E = lim En 
of complete locally convex spaces, all of whose restrictions f\E„ are smooth).^ 

3 Discontinuous mappings on C^{M, E) 

In this section, we generalize our discussion of (^“(R) from Section 2 to the spaces 
(M, E) = lim (7^ (M, E) of compactly supported smooth mappings on a a-compact 
hnite-dimensional smooth manifold M with values in a locally convex space E. We show: 

Proposition 3.1 If E ^ {0}, the manifold M is non-compact, and dim(M) > 0, then 
there exists a mapping f: Cf°{M, E) C“(M, R) such that 

(a) The restriction of f to Ce{M,E) is smooth, for each compact subset K of M. 

(b) / is discontinuous at 0 . 

In particular, the locally convex direct limit topology on C“(M, E) = lim Cff{M, E) is prop¬ 
erly coarser than the topology making C{T{M,E) the direct limit of the spaces Cff{M,E) 
in the category of topological spaces. 

^Regularity means that every bounded subset of E is contained and bounded in some En- 


4 



Instead of proving this proposition directly, we establish an analogous result for spaces 
of sections in bundles of locally convex spaces, which is no harder to prove. Noting that 
the function space C^{M,E) is topologically isomorphic to the space C^{M,M x E) of 
compactly supported smooth sections in the trivial bundle pr^ : M x E ^ M, clearly 
Proposition 3.1 is covered by the ensuing discussions for vector bundles. For background 
material concerning bundles of locally convex spaces and the associated spaces of sections, 
the reader is referred to [9] (or also [ 8 , Appendix F]). 

For the present purposes, we recall; if n: E ^ M is a smooth bundle of locally convex 
spaces over the hnite-dimensional, cr-compact smooth manifold M, with typical hbre the 
locally convex space F, then one considers on the space C°°{M,E) of all smooth sections 
the initial topology with respect to the family of mappings 

E) ^ C^{U, F), e^a) := := pr^ o ^ o , 

which take a smooth section a to its local representation : U F with respect to 
the local trivialization -0: U x F of E. Given a compact subset K C M, the 

subspace C^{M, E) C E) of sections vanishing off K is equipped with the induced 

topology, and C^{M,E) := [jj^C^{M,E) = \imC^{M, E) is given the locally convex 
direct limit topology. 

Theorem 3.2 Let M be a a-compact, non-compact, finite-dimensional smooth manifold 
of dimension dim(M) > 0, and tt ■. E ^ M be a smooth bundle of locally convex spaces 
over M, whose typical fibre is a locally convex topological vector space F {0}. Then 
there exists a discontinuous mapping f : C'fi‘{M,E) M) whose restriction to 

C^{M,E) is smooth, for each compact subset K of M. 

Proof. Let d := dim(M). Since M is non-compact, there exists a sequence {Un)nmo 
mutually disjoint coordinate neighbourhoods Un E M diffeomorphic to such that local 
trivializations tl)n '■ Ti~^{Un) UnX F of E exist, and such that every compact subset of M 
meets only hnitely many of the sets Un- We dehne 

V: C“(A/, E) ^ C“(r/„, F), 9„Ja) := := pr,, o o . 

By dehnition of the topology on Cf°{M,E), the linear maps d,,p^ are continuous. For 
each n G Nq, let Kn '■ Un ^ be a G^-diffeomorphism; dehne Xn ■= We 

choose a function h G such that = 1; we dehne hn G G“(M,M) via 

hn{x) := h{Kn{x)) if X G Un, hn{x) != 0 if X G M\Un- Let Kn := supp(/l„) c Un- We 
choose a continuous linear functional 0 7 ^ A G F', and pick n G F such that A(n) = 1. Note 
that A := UnGN closed in M, the sequence of compact sets being locally 

hnite. Let /u : M x F —F be the scalar multiplication. The eventual dehnition of the 
mapping / we are looking for will involve the map $: F —M x M, dehned via 

:= (7rU-i(f/„), A o/xo ((/in o7r)|^-i(f/„),pr^o •(/;„)) (1) 

for n G N, and ‘h|£;\,r-i(A) := (’’’Uv-qA))0). Note that <h is well-dehned as the function 
in Equation ( 1 ) coincides with ( 7 r, 0 ) on the set IJneN \ A). Also note that <F is a 
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fibre-preserving mapping from E into the trivial bundle M x R. Furthermore, it is readily 
verihed that $ is a smooth. By [9, Thm. 5.9] (or [ 8 , Rem. F.25 (a)]), the pushforward 

^“(M, $): C“(M, E) ^ xR), a ^ $ o a 

is smooth. For later use, we introduce the continuous linear map 

A := M x R) ^ C“(M, R) . 

Let R —R'^ denote the embedding 11 —> (t, 0,..., 0). The mapping / to be constructed 
will also involve the map T: C“(M, E) C°°(R, R) dehned via 

T := C“(R, A) o ' oi,F)o 

where the pullback o i,F) : C°°{Un,F) C°°{R,F), 7 i—> 7 o o t and the 

pushforward C'°°(R, A): C'°°(R, F) ^“(R, R), 7 1 —> A o 7 are continuous linear mappings 
and thus smooth, by [5, La. 3.3, La. 3.7]. Being a composition of smooth maps, T is smooth. 
We now dehne the desired map /: C^{M,E) ^“(M,R) via 

/ := Fo(xI/,AoC'r(M,<h)) - \oey,,oe^, 

(co-restricted from R) to C^{M,R)), where 

F: C'“(R,R) X C'“(M,R) ^ C'“(M,R), F(7,7) := 707 

denotes composition, and ev^j^ : C°°{Uo,F) F the evaluation map 7 h->• 7(0:0). Here 
A o evxo ° is ^ continuous linear map and thus smooth. Explicitly, for a G (M, E) 

f{a){x) = (^X o o o [\[hn{x) a^^{x))) 

= x(^a^o{Ko\hn{x) ■ \{a^„{x)), 0 ))) - A(a^o(a:o)) 

if X G Ln (n G N), whereas f{a){x) = 0 if x G M \ A. 

Claim: The restriction of f to Cff{M,E) is smooth, for each compact subset K of M. 
To see this, note that f{Cff‘{M, E) C Cff‘{M,R), where C'^(M, R) is a closed vector 
subspace of C'°°(M, R) and ^“(M, R). Thus, it suffices to show that /|c“(m,£;) is smooth 
as a map into C'°°(M, R) ([9, Prop. 1.9], or [1, La. 10.1]). But this follows from the Chain 
Rule, as F is smooth by Lemma 2.1 and also the other constituents of / are smooth. 

Claim: f is discontinuous at the zero-section a = 0 . To see this, consider the set V 
of all 7 G (^“(M, R) such that, for all n G N and multi-indices a G Nq of order |a| < n, 
we have |( 9“(7 o /€7^)(0)| < 1. It is easily verified that R is a symmetric, convex zero- 
neighbourhood in C'“(M, R). Let U be any convex zero-neighbourhood in Cf°{M, E)] we 
claim that f{U) ^ V. To see this, set := 1,1]'^) for n G Nq. Then 

p„: CrjM, E) ^ Cp, F), « a*, o 
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is a topological isomorphism (cf. [9, La. 3.9, La. 3.10] or [ 8 , La. F.9, La. F.15]) whose in¬ 
verse gives rise to a topological embedding jn : (7“^^ F) — C^{M, E). The lin¬ 
ear mapping (j) : M ^ F, t ^ tv gives rise to a continuous linear map : 

^ 7 ^ (/. 07 . Then := (j, o is a 

convex zero-neighbourhood in ;^]d(R'^,R)- Thus, there exists A:„ G Nq and Sn > 0 such 
that C Wn, where Wk„,£„ is the set of all 7 G i]d(R'^, R) such that sup{|( 9 “ 7 (x)|: 

X G [—1,1]'^} < En for all a G Ng such that |q:| < kn- We let g G j^jd(R^,R) be a func¬ 
tion such that g{yi, ...,yd) = yi°^^ for all y = (yi,..., yd) e [-i, Then rg G Wko,eo 
for some r > 0. It is clear from the dehnition of Wko,eo that then also jm G Wko,eo for all 
m G N, where 


7,„:R'^^R, -fmiyi,...,yd) ■= ^g{myi,y2,...,yd) ■ 

Thus Tm := io(0 o 7 m) e \U. 

Let i := fco+l; we easily hnd g G such that, for suitable s > 0, we have g{y) = s-yi 

for y = (^ 1 ,... ,yd) in some zero-neighbourhood in R*^. We dehne r := o g) e \U. 
Then a™ := + t G 17 by convexity of U. Consider gm '■= f{o'm) ° : R*^ —R. For 

y G [—1, l]*^ sufficiently close to 0, we have g{y) = syi and m\g{ii)\ < |. Thus 

gm{,y) = 7m(h(?/), 0 ,..., 0) = r ■ m ■ 

entailing that (0) = r ■ m - s^°+^ ■ (/cg + 1)! • Hence /{am) ^ V for each m G N such 

dVi 

that r -m - s^o+^ ■ {k^ -|- 1)! > 1. We have shown that f{U) ^ V for any 0-neighbourhood U 
in C^{M, E), although /(O) = 0. Thus / is discontinuous at a = 0. □ 


4 Further examples 

We describe various pathological bilinear mappings. 

Proposition 4.1 Let K G {R, C}. The pointwise multiplication map 

g: C“(R,K) x ^“(R,^) ^ Cr(R,R), g{j,g):=^-g 

is a hypocontinuous bilinear {and thus sequentially continuous) mapping on the locally 
convex direct limit 

^“(R, K) X ^“(R, K) = lim (^“(R, K) x q“„,„](R, K)), 

whose restriction to C°°(R, K) x Cj7„^j(R, K) is continuous bilinear and thus K-analytic, 
for each n G N. However, g is discontinuous. 
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Proof. Using the Leibniz Rule for the differentiation of products of functions, it is eas¬ 
ily verihed that ^ is separately continuous.^ The spaces K) and K) be¬ 

ing barrelled, this entails that n is hypocontinuous and thus sequentially continuous [19, 
Thm.41.2]. The restriction of /i to K) x K) is a sequentially continuous 

bilinear mapping on a product of metrizable spaces and therefore continuous. To see that 
H is discontinuous, consider the zero-neighbourhood 

fu ;= {y G (Vx e M) |7(x)| < 1} 

in K). If U is any zero-neighbourhood in K) and V any zero-neighbourhood 

in K), then there exists a compact subset iL of M such that 

(Vy e C'“(M,K)) 7|i^ = 0 ^ 7 G U. 

Pick any xq G M \ iL. There is a function (f) G K) such that 0(xo) 7 ^ 0 and supp(0) C 

M.\K. Then r(j) for some r > 0, and t(f) G U for all t G M. Choosing t > we 

have (t(l),r(j)) E U x V but |/r(r0,t^)(xo)| = rt|0(xo)P > 1, entailing that jji{U x U) ^ lU. 
Thus n is discontinuous at (0,0). □ 

Another instructive example is the following (compare also the examples in [2]): 

Example 4.2 Let Ei G E 2 C ■ ■ ■ be a strictly ascending sequence of Banach spaces, such 
that En+i induces the given topology on En- Set E := lim En and E := E'^. For example, we 
can take En := L^[—n,n], in which case E = and F = = hmL^[—n,n]. 

Then An '■= F X X K X K is a Frechet space (and reflexive in the example En = [—n, n \). 

The evaluation map x M being continuous as En is a Banach space, it is easy to 

see that An becomes a unital associative topological algebra via 

(Ai,Xi, 2 :i,Ci) ■ (A 2 ,X 2 , 2 : 2 ,C 2 ) := {C1X2 + C2X1, C1X2 + C2X1, CiZ2 + Xl{x2) + ZiC2, C1C2) ■ (2) 

The multiplication can be visualized by considering (A, x, 2 ;, c) G as the 3-by-3 matrix 

c \ z 
0 c X 
0 0c 

The topological algebras An are very well-behaved: they have open groups of units, and 
inversion is a K-analytic map. We can also use Formula (2) to dehne a multiplication map 
jx: A X A ^ A turning the direct limit locally convex space A:=FxEx'Kx'K = lim 
into a unital, associative algebra. However, although the restriction of to An x An is a 
continuous bilinear map for each ueN, fi:AxA = lim {An x An) —A is discontinuous 
(since the evaluation map x if —M is discontinuous, the space E not being normable). 
We refer to [ 6 , Section 10] for more details. 

^Alternatively, we can obtain the assertion as a special case of [9, Cor. 2.7] or [8, La. 4.5(a) and 
Prop. 4.19 (d)], combined with the locally convex direct limit property. 



Appendix: Proof of Lemma 2.1 

We give a proof which is as elementary as possible, by reducing the assertion to the case 
M = First, let M be a finite-dimensional, a-compact smooth manifold, of dimension d. 
We choose an open cover {Uj)j^j of M and C^-diffeomorphisms Kj : Uj Then 

$: C'“(M,R”^) ^ =; F, $(7) := (7 0K-^)jej 

j&J 

is a topological embedding onto a closed vector subspace of the cartesian product P (cf. [9, 
La. 3.7]). Therefore T is smooth if and only if <hor is smooth ([9, Prop. 1.9] or [1, La. 10.1]), 
if and only if each component pr^o^oT is smooth [1, La. 10.3], where pr^ : P —> R™') 

is the projection onto the j-coordinate. But 

pr^($(r))(7,7) = joTjoKj^ = f(7,C'°°(K"\R”)(7])) 

for all 7 G C°°(R"',R”^) and r] G C'“(M,R”), where 

f: C'“(R”,R”^) X C'“(R‘^,R^) ^ C'“(R‘^,R”^) 

is the composition map and R”) : R'^) —> C°°(R'^,R”), 7 1 —> 7 o is 

continuous linear and thus smooth, by [5, La. 3.7]. Hence pr^ o $ o T (and thus T) will be 
smooth if so is T. 

By the reduction step just performed, it only remains to prove Lemma 2.1 for M = R'^, 
which we assume now. We show by induction on A: G Nq that T is C*^. 

The case /c = 0. Let 7 G C'“(R”,R™'), 7 G C'“(R'^,R”) and ( 7 i, 7 i)ieN be a sequence in 
( 7 oo(Rn^Rm) ^ (7°°(R^,R") converging to ( 7 , 7 ). We have to show that 

5 i := r(7i,pj) - r(7,7) = 7*07^-7077 

= (7i - 7 ) ° + (7 ° - 7 ° ^) (3) 

converges to 0 in C'°°(R'^, R™). To see this, we first check convergence in C'°(R'^,R"^) 
(equipped with the topology of uniform convergence on compact sets). Given a compact 
set 77 C R'^, the set lJigN7*(-^) bounded and hence has compact closure L in R^. Now 
the first term in (3) converges uniformly to 0 on 77 since 7 * — 7 —0 uniformly on L as 
i ^ 00 . The second term converges uniformly to 0 on 77 since 7 |l is uniformly continuous 
and rji ^ T] uniformly on 77. Using the Chain Rule, for each fixed multi-index a G Nq of 
order > 1, we find polynomials P 7 G R[(77.y).y<Q] in indeterminates X^, for multi-indices 
/? G Ng of order |/?| < |q;|, such that 

^ - < 9 ^ 7 ) o Vi) ■ Pp{{d'^Vi)-i<a) 

\V\<H 

+ (^^9" o Vi) ■ {Pt3{{d^Vi)'r<a) - Pp{{d^v)y<a)) 

m<H 

+ (^^9" °Vi- ° v) ■ Pf3{{d^v)-/<c^)- 

m<H 


9 



We easily deduce from this formula that d'^Si converges to 0 as f —cx), uniformly on 
compact sets. We have shown that h* —0 in M™'). Thus T is continuous. 

Induction step. Suppose that T is of class C^, where k G Nq. Given 7,71 G 
G we have 


i (r(7 + t7i, T] + tpi) - r(7,7)) = 7 (7 o (h + iVi) - 7 o h) + 7 i o (h + tVi) ( 4 ) 
for 0 7 ^ f G R. Given f G R, dehne : R^ —R™' via 


X : = 


II(x, st) ds , 


where H : R'^ X R ^ R"^, H{x,r) := dj{r]{x) + rrji{x)] r]i{x)). Glearly H is smooth. It is 
easy to see that Ft{x) Fq{x) uniformly for a: in a compact set, as f —0. Furthermore, 
differentiating under the integral sign we hnd that d°‘Ft[x) = Jp d^°‘’^^H{x, st) ds for a G 
Ng, which converges uniformly for x in a compact set to (9"Fo(a:) as f —0. Since 


Ft = \ (70 (h + ^hi) -707) 


for f 7 ^ 0, by the Mean Value Theorem, we see that the hrst term on the right hand side 
of (4) converges to Fg = (dy) o ( 7 , 71 ) = r(d 7 , ( 7 , 71 )) in G“(R‘^,R”^) as f —> 0, where 
T : G“(R"' X R"',R™) x G°°(R‘^,R"' x R”) —G°°(R‘^,R™) is the composition map. 

To tackle the second term, dehne Gt := 71 o (7 + tyi) = r(7i, 7 + tpi) for f G R. Since 
T is continuous by the above, we have Gt —Go = 71 o 7 in G“(R‘^,R™) as f —0. Thus 
the second term in Equation (4) converges to 71 o 7 . 

Summing up, we have shown that dr( 7 , 7 ; 71 , 71 ) exists, and is given by 


t^r(7,7;7i,7i) = r(d7, (7,71))+ r(7i,7). 


( 5 ) 


The map G“(R"',R”^) —G°°(R"' x R"',R”^), 7 1— >• dy is continuous linear (cf. [5, La. 3.8]), 
and T, T are G^, by induction. Hence Equation (5) shows that dT is G^. Thus T is G^+^, 
as required. 
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